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Characterizing the vacuum of a thermalized SU(3) Yang-Mills theory in the dual Ginzburg-Landau
description, the possibility of topologically nontrivial, classical monopole fields in the deconfining
phase is explored. These fields are assumed to be Bogomol’nyi-Prasad-Sommerfield (BPS) saturated
solutions along the compact, euclidean time dimension. A corresponding, gauge invariant monopole
interaction is constructed. The model passes first tests. In particular, a reasonable value for the
critical temperature is obtained, and the partial persistence of nonperturbative features in the
deconfining phase of SU(3) Yang-Mills theory, as it is measured on the lattice, follows naturally.
I. INTRODUCTION
The idea of explaining confinement in SU(N) Yang-Mills theory via the dual Meissner effect has been put forward
by Mandelstam and ’t Hooft in the late seventies and early eighties [1]. In this picture magnetic monopoles occur as
point-like objects in three-space which are charged under the gauge group U(1)N−1 constituting the maximal abelian
subgroup to leave a certain gauge condition intact. The condition is that a certain matrix quantity (say the nonabelian
field strength component G23), transforming homogenously under the gauge group, must be diagonal. It is shown that
at points with a degeneracy of eigenvalues the transformation leading to the fulfillment of the gauge condition causes
singularities of the colormagnetic flux, that is, magnetic monopoles. Fixing the gauge in a maximal abelian manner,
one hence obtains an abelian theory of electric and magnetic charges. Working with N-1 (instead of 2(N-1)) abelian
gauge fields only, the Lagrangian of the theory necessarily contains nonlocal terms which one would like to avoid
[2]. The way out is the introduction of a twin set of gauge fields [2,3]. The resulting theory contains electrically and
magnetically charged matter fields and sets of (N-1) electric and magnetic abelian gauge fields ~Aµ and ~Bµ, respectively.
A phenomenological self-interaction of the magnetic monopole fields is assumed to yield a spontaneously generated
condensate breaking the U(1)N−1 symmetry [4]. As a result, the set of gauge fields ~Bµ, interacting with the magnetic
charges 1, becomes massive and the colorelectric flux between two heavy quarks of opposite color charge, separated by
a distance R, is confined to a straight tube (string) of constant tension σ causing a potential linearily rising with R.
This is the celebrated confinement mechanism. The occurence of a monopole condensate, starting from first principles,
has never been proven analytically. However, a set of local and non-local lattice interactions of monopole currents has
been fitted to the output of Monte-Carlo lattice simulations of maximal abelian gauge fixed SU(2) in Refs. [5,7]. As
a result the condensation of monopoles in the continuum limit was proven using energy-entropy balance arguments.
An extension of this work to the SU(3) case was reported in Ref. [6].
It has been shown on the lattice in the more recent past that a thermalized SU(3) Yang-Mills theory undergoes a
deconfinement phase transition at critical temperatures T latc ∼ 200 − 300 MeV (see for example Ref. [11]). In the
framework of the dual Ginzburg-Landau theory the deconfinement phase transition at finite temperature has been first
discussed in Ref. [9]. In Ref. [10] the critical temperature Tc of the deconfinement phase transition was determined
as the point where a thermal one-loop effective potential starts possessing a trivial, absolute minimum. The analysis
was based on a Higgs-like (renormalizable) self-interaction of the monopole fields. From the T -dependence of the
monopole condensate the temperature evolutions of the vector and monopole masses mB, mφ were calculated which
in turn determine the thermal string tension σ.
In the present work we start with a different philosophy. Based on the assumption of a gauge invariant potential
for the (self-)interaction of classical monopole fields φk, k = 1, 2, 3, and considering only the U(1)
2 electric and
magnetic gauge fields to fluctuate, we obtain a picture for the deconfinement phase transition and quantitative
results for nonperturbative features in the deconfining phase. Thereby, the potential is constructed to allow for both,
1This sector is a dual Ginzburg-Landau theory.
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topologically trivial and nontrivial (T > 0) BPS saturated solutions for each of the monopole fields φk. As far as
ground state properties are concerned, we feel that the assumption of classical monopole dynamics is justified by the
observation that nonperturbative quantities like the string tension σ could be determined reasonably well within the
meanfield approximation in Refs. [4,8].
The starting point of our investigations is the dual Ginzburg-Landau theory given by the following Lagrangian [4]
LDGL = −1
4
(∂µ ~Bν − ∂ν ~Bµ)2 +
3∑
k=1
{∣∣∣(i∂µ − g~εk · ~Bµ)φk∣∣∣2 − Vk(φk, φ¯k)
}
. (1)
This theory decribes the magnetic sector emerging from SU(3) Yang-Mills theory due to maximal-abelian gauge fixing
[4]. In contrast to the electric, abelian gauge group the magnetic U(1)2 (with gauge field ~Bµ = (B
3
µ, B
8
µ)) is believed
to be spontaneously broken by nonvanishing VEVs of the monopole fields φk. In Eq. (1) g~εi denote the effective
magnetic charges with ~ε1 = (1, 0), ~ε2 = (−1/2,−
√
3/2), ~ε3 = (−1/2,
√
3/2), and the fields φk satisfy the constraint
[4]
3∑
k=1
argφk = 0 . (2)
The potential
V ≡
3∑
k=1
Vk(φk, φ¯k) (3)
is introduced phenomenologically to account for the self-interaction of the monopole fields φk. For the sake of renor-
malizability and the desired feature of spontaneous breaking of the magnetic gauge symmetry it is usually chosen to
be of the Higgs form
λ
3∑
k=1
(
φ¯kφk − v2
)2
. (4)
Corresponding to Eq. (4), the one-loop effective potential at finite temperature, calculated in euclidean space-time
with compact time dimension of size β ≡ 1/T , possesses a global minimum of vanishing condensate for T > Tc ∼ 500
MeV [10]. This result is probably due to the sole consideration of quadratic fluctuations, since there are indications
that for example a quartic term is parametrically not small (In one-loop approximation the coupling constant for this
term is λ ∼ 25!). In order to bring Tc down to values compatible with lattice experiments (T latc ∼ 200 − 300 MeV)
the authors of Ref. [10] had to introduce a T -dependence of λ by hand.
Here, we postulate that the occurence of a phase transition is due to the thermalized system admitting topologically
nontrivial ground state solutions in the monopole sector. Accordingly, we introduce a gauge invariant (self-)interaction
for the classical fields φk. To construct the potential we furthermore assume that the relevant solutions to the
corresponding field equations are BPS saturated. This is in analogy to the case of instantons in non-gauge-fixed
Yang-Mills theories, where the condition of self-duality is equivalent to the saturation of the Bogomoln’yi bound for
the euclidean action [14]. Since at T = 0 the ground state solution is a constant and at T > 0 changes are induced by
the finite size of the euclidean, compact time dimension it is reasonable to assume that the topologically nontrivial
structure of the vacuum above Tc is brought about by a sole dependence on euclidean time τ . In Refs. [12,13] it
was shown in the framework of supersymmetric theories that for a scalar sector to admit nontrivial BPS saturated
solutions along a compact dimension the target space must possess noncontractable cycles. In Ref. [15] a generalized
Wess-Zumino model, possessing a discrete set of N + 1 nonzero vacua (proportional to the N + 1 unit roots), was
investigated. These vacua are interpolated by BPS saturated, periodic solutions along the compact dimension. As in
Ref. [15], we concentrate on the case, where there is one single pole at φk = 0 on the rhs of the BPS equation. Since
the monopole sector of the theory should 1) admit nonzero, constant solutions at T = 0, 2) be gauge invariant under
the magnetic U(1)2, and 3) admit nontrivial, periodic, BPS saturated solutions for T > 0 the potential is given as
[15]
Vk(φk, φ¯k) = lim
N→∞
{
Λ6
φ¯kφk
+ κ2Λ−2(N−2)(φ¯kφk)
N − 2 κΛ5−N 1
φ¯kφk
ReφN+1k
}
. (5)
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Thereby, Λ is a mass-parameter, and κ is some dimensionless coupling constant. Considering the rhs of Eq. (5) at
finite N , the potential explicitely breaks the magnetic U(1)2 gauge symmetry
~Bµ → ~Bµ + 1/g ∂µ~θ(x) , φk → e−i~εk·~θ(x)φk (6)
down to Z2N+1 due to the term Reφ
N+1
k . The vacua in this case are given as [15]
Λ
κ1/(N+1)
(
e
2piα1
N+1
i, e
2piα2
N+1
i, e
2piα3
N+1
i
)
, (αk ∈ Z, −N ≤ αk ≤ N,
3∑
k=1
αk = 0) . (7)
Only in the limit of large N is the gauge symmetry restored. For the purpose of qualitative illustration Fig. 1 indicates
the potential Vk for κ = 1, N = 500, and dimensionless Λ = 0.5.
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FIG. 1. The monopole potential Vk as a function of real φk for κ = 1, Λ = 0.5, and N = 500. Indicated are the potential
energy densities of topologically trivial and nontrivial solutions to the BPS equations.
The BPS equations, corresponding to the potential of Eq. (5), read
∂τφk = V¯
k
1/2(φ¯k) , ∂τ φ¯k = V
k
1/2(φk) . (8)
The rhs are only fixed up to phase factors eiδ, e−iδ, respectively. From Eq. (5) we have for periodic solutions
V k1/2(φk) =


±iΛ3φk , (|φk| < Λ)
0 , (|φk| = Λ)
∞ , (|φk| > Λ)
. (9)
The paper can be outlined as follows: In the next section we briefly review what has to be known about BPS saturated
winding solutions along a compact dimension [12,13,15]. We device a (not unique) label for the winding vacua, and we
write down the gauge function to transform a winding vacuum to unitary gauge. Section 3 investigates the transition
to the deconfined phase. The critical temperature is estimated by assuming thermal equilibrium between the winding
vacuum and an ideal gluon gas. The consequences of winding vacua in the deconfined phase are examined in Section
4. The temperature evolutions of the monopole condensate (and thereby that of mB) and the string tension are
elucidated. Section 5 summarizes the results, comments on the approximations made, and gives the conclusions.
II. BPS SATURATED WINDING SOLUTIONS
For the case |φk| < Λ periodic solutions (φk(0) = φk(β)) to Eqs. (8) subject to Eq. (9) have been discussed in Refs.
[12,13] within the framework of supersymmetric theories. For a compact, euclidean time dimension of length β ≡ 1/T
the set of topologically distinct solutions is
φnkk (τ) =
√
Λ3β
2|nk|π e
2nkπi
τ
β , (nk ∈ Z) . (10)
3
Thereby, the sign of nk corresponds to the choice of phase in the BPS equations. Due to the phase constraint of
Eq. (2) the sets of solutions (φn11 , φ
n2
2 , φ
n3
3 ) can be labeled by the integers n1 and m, which are both odd or even. The
winding numbers n2, n3 are then given as −n1/2 ∓m/2, respectively. With the gauge transformation of Eq. (6) the
function ~θn1,m(τ), transforming to the unitary gauge Reφk(τ) > 0, Imφk(τ) = 0, reads
~θn1,m(τ) =
2π
β
τ
(
n1
m√
3
)
. (11)
Note that this nonperiodic function leaves the periodicity of the gauge field ~Bµ intact.
III. DECONFINEMENT PHASE TRANSITION
Eqs. (8) admit the solution φ0k ≡ Λ with winding number and energy density zero, and the winding solutions of the
previous section. We identify the set (φ01, φ
0
2, φ
0
3) with the confining vacuum at low temperatures. In this regime the
spectrum consists of glueballs with masses that are much larger than the prevailing temperatures [8]. The thermal
equilibrium between the vacuum ”medium” and its excitations is essentially realized at pressure zero, which indeed is
observed on the lattice [17]. Above the deconfinement phase transition the ground state ”medium” readily emits and
absorbs (almost) free gluons under the influence of the heat bath like a black body emits and absorbs photons. We
identify the genuine winding set of lowest potential energy density2, represented by (n1,m) = (2, 0), with the ground
state just above the deconfinement transition. In this picture the confining vacuum is a perfect thermal insulator up
to the transition, where its structure drastically changes by the absorption of an amount of latent heat per volume [17]
equal to the gap ∆ε(2,0) between the potential V of the zero winding and the lowest genuine winding set. We estimate
the critical temperature Tc of this transition by assuming the deconfining vacuum to behave like an incompressible,
static fluid with traceless energy-momentum-tensor [16] which is in thermal equilibrium with an ideal gas of gluons.
In this case we have the equation of state
ε = 3p (12)
for pressure p and energy density ε for both the vacuum (vac) and the gluon gas (gg). The equilibrium condition of
equal pressures,
pvac = pgg , (13)
then takes the following form [16]
∆ε(2,0) =
8
15
π2T 4c , (14)
where
∆ε(2,0) = 2× Λ
6
φ¯1φ1
+
Λ6
φ¯2φ2
= 8πΛ3Tc . (15)
Using Eqs. (14),(15), we obtain
Tc =
(
15
π
) 1
3
Λ ∼ 1.68Λ . (16)
Adopting the value Λ = 0.126 GeV for the monopole condensate at T = 0 from Refs. [8,10], Eq. (16) yields Tc = 0.212
GeV. This is compatible with the lattice results of Tc = 0.2− 0.3 GeV.
2By ”genuine” we mean that each of the solutions φk is winding. Note, however, that there are also semi-winding sets, for
example (n1,m) = (1, 1), which contain two winding fields and one field of winding number zero. Since none of the monopole
fields φk should be singled out it is natural to assume that either all φk are winding or none at all.
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IV. THE DECONFINING PHASE
For a set of solutions with
l ≡
3∑
k=1
|nk| , (17)
the equilibrium condition of Eq. (13) yields the following dependence of the temperature at equilibrium Tl on l
Tl =
(
15l
4π
) 1
3
Λ . (18)
Modulo degeneracy the number of equilibrium states per temperature interval ρ(T ) thus grows quadratically with
increasing Tl
ρ(T ) ∼ dl
dTl
=
4π
5
T 2l
Λ3
. (19)
For temperatures T 6= Tl the system is thermodynamically unstable within the above approximations, and hence it
must evolve to the nearest equilibrium point. Let us now look at the change of the average monopole condensate
φ(n1,m)av ≡
1
3
3∑
k=1
φnkk (20)
across the transition from the confining to the deconfining phases. Transforming the winding solution of Eq. (10)
to the unitary gauge by means of Eqs. (6),(11), we obtain the following expression for the individual condensate,
corresponding to winding nk and contributing to an l-winding vacuum
φnkk =
Λ3/2√
2π|nk|Tl
=
Λ√
(30π2l)1/3|nk|
. (21)
For the configuration (n1,m) = (2, 0) we obtain
φ(2,0)av ∼ 0.28Λ . (22)
In Fig. 2 the evolution of the average monopole condensate is depicted up to T ∼ 0.41 GeV. The arrows point at
states of thermal equilibrium. The corresponding representatives, labeled by (n1,m), evolve into nonequilibrium until
the next equilibrium state becomes available.
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FIG. 2. The average monopole field φav(T ) in units of φav(T = 0). For further explanation see text.
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In unitary gauge the monopole fields are real, and the spontaneous breakdown of the U(1)2 magnetic gauge symmetry
then transparently generates a mass mB for the field ~Bµ which scales linearly with the average monopole condensate:
m
(n1,m)
B =
√
3 g φ(n1,m)av . (23)
In Refs. [8,10] the value mB ∼ 0.5 GeV was determined at T = 0, yielding a magnetic gauge coupling of g = 2.3.
How does the string tension σ evolve? An analytical expression for σ in terms of g, mB, and mφ was derived in Ref.
[8] by calculating the potential between two heavy and static quarks of opposite color charge, separated by a distance
R. Thereby, an effective Lagrangian for the dynamics of the electric U(1)2 gauge field ~Aµ is obtained by integrating
out the massive, magnetic vector field ~Bµ and by assuming that the monopole fields do not fluctuate about their
VEVs. Applying convenient gauge fixing terms and introducing external, static color currents, which couple to ~A0,
one obtains an effective action. From this action one extracts the potential energy Vq¯q(R) of the static sources. It
assumes the following form
Vq¯q(R) = −
~Q2
4π
(
e−m
2
BR
R
+
m2B
2
ln
[
1 +
m2φ
m2B
]
R
)
, (24)
where ~Q = Q23 +Q
2
8 = e
3/3 [4]. From Eq. (24) σ can be read off as
σ =
2πm2B
3g2
ln
[
1 +
m2φ
m2B
]
. (25)
Thereby, we have used the relation e · g = 4π linking the magnetic with the electric charge. Since static test charges
were assumed finite temperature does not necessitate any new considerations, and thus σ is still given by Eq. (25)
with an implicit T -dependence via mB(T ) and mφ(T ).
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FIG. 3. The string tension σ(T > Tc) in units of σ(T = 0) in the deconfining phase.
The appearance of the monopole mass mφ > mB under the logarithm in Eq. (25) is due to its role as an ultraviolet
cutoff for the integration over transverse momenta in the expression for the linear part of the potential in Eq. (24). This
is justified by the observation that mB ∼ 0 inside the flux tube of radius ρ ∼ m−1φ in a type II dual superconductor
(see Ref. [10] and Refs. therein). Since we work with classical fields φk we cannot asign a mass to the fluctuations of
the monopole fields about the background of a classical ground state. We may, however, assume that ρ−1 scales with
temperature in the same way as mB does. Since the dependence of σ on the cutoff is logarithmic the result is not
dramatically sensitive to the exact T dependence of ρ−1, which we will make explicit by distinguishing the following
cases:
(a) ρ−1(0) = ρ−1(T ) = 1.26 GeV [8] ⇒
σ(Tc)
σ(0)
∼ (0.28)2 ln(1 + (1.26)
2/(0.5× 0.28)2)
ln(1 + (1.26)2/(0.5)2)
∼ 0.19 . (26)
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(b) ρ−1(T ) ∝ mB(T ) ⇒
σ(Tc)
σ(0)
∼ (0.28)2 ∼ 0.08 . (27)
Hence, the difference roughly amounts to a factor 2. Assuming case (b), we show the T -dependence of σ(T )/σ(0) for
the deconfining phase in Fig. 3.
V. SUMMARY AND DISCUSSION
We considered a thermalized dual Ginzburg-Landau theory modelling hot SU(3) Yang-Mills theory. From the
postulate that in contrast to the confining phase the ground state of the deconfining phase is characterized by
topologically nontrivial, BPS saturated solutions to the classical equations of motion of the monopole sector we
deviced the corresponding, gauge invariant interaction. As a consequence, the average monopole field undergoes
a drastic decrease to about 1/4 of its zero temperature value across the phase boundary. Scaling linearly with the
monopole condensate, the same applies to the mass of the magnetic vector fields generated by the spontaneous breaking
of the magnetic U(1)2 gauge symmetry. Working with the zero temperature value for the monopole condensate of
Refs. [8,10], we obtain a rather reasonable critical temperature Tc ∼ 212 MeV in contrast to the effective potential
calculation of Ref. [10], where Tc ∼ 500 MeV, and the more realistic value of Tc ∼ 200 MeV was obtained by
introducing an ad hoc T -dependence of the dimensionless coupling constant λ.
Depending on the assumption about the T -dependence of the flux tube radius ρ the string tension σ decreases to
about 1/12..1/5 of its value at T = 0 across the phase boundary which is compatible with lattice measurements [17].
To determine Tc we assumed a free gluon gas which is a rough approximation due to the fact that nonperturbative
features do persist to a sizable extend in the deconfined phase. This is indicated by nonvanishing values of the
monopole condensate φav and the string tension σ. At higher temperatures the ideal gas approximation should
become better, and the model predicts a slow decrease of these quantities. For example, at T ∼ 1.5Tc we have
φav(T = 1.5Tc)
φav(T = 0)
∼ 1
2
× φav(T = Tc)
φav(T = 0)
. (28)
On the lattice and in effective potential calculations the deconfinement phase transition has been determined to be of
first order [10,17,18]. In contrast, SU(2) Yang-Mills theory exhibits a second order phase transition [18]. The model
of the present work can be easily adapted to the dual Ginzburg-Landau theory describing maximal abelian gauge
fixed SU(2) Yang-Mills theory. The qualitative results would then be the same. Hence, the model is too coarse to
resolve the order of the phase transition. However, it gives a reason for the residual, nontrivial structure of monopole
condensation in SU(2) and SU(3) Yang-Mills theories at high temperatures, it predicts a reasonable value of the
critical temperature, and it incorporates the low temperature limit in the form of a constant solution to the BPS
equations. The existence of a nontrivial structure of monopole condensation above the phase transition has been
pointed out in Ref. [19] a long time ago based on lattice investigations.
To conclude, we showed that in a thermalized, generalized dual Ginzburg-Landau theory, describing the magnetic
part of SU(3) Yang-Mills theory subject to maximal abelian gauge fixing, the postulate of nontrivial, BPS saturated
ground state solutions of the magnetic monopole sector in the deconfining phase leads to acceptable results. In
particular, the partial conservation of nonperturbative features in the high temperature regime is a natural consequence
in this picture.
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